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ON SIMPLE LIE 2-ALGEBRA OF TORAL RANK 3.
CARLOS R. PAYARES GUEVARA AND JEOVANNY DE J. MUENTES ACEVEDO
Abstract. Simple Lie algebras of finite dimension over an algebraically closed
field of characteristic 0 or p > 3 were recently classified. However, the problem
over an algebraically closed field of characteristics 2 or 3 there exist only partial
results. The first result on the problem of classification of simple Lie algebra
of finite dimension over an algebraically closed field of characteristic 2 is that
these algebras have absolute toral rank greater than or equal to 2. In this
paper we show that there are not simple Lie 2-algebras with toral rank 3 over
an algebraically closed field of characteristic 2 and dimension less or equal to
16.
Introduction
The simple Lie algebras of finite dimension over an algebraically closed field of
characteristic zero were first classified by Killing (1888) and Cartan (1894). These
algebras fall in four infinite families, An, Bn, Cn and Dn, and five exceptional cases,
E6, E7, E8, G2 and F4 (see [5]).
Simple finite-dimensional Lie algebras over an algebraically closed field of prime
characteristic p > 7 were classified by H. Strade, R. Block and R. L. Wilson in
the middle of years 90 (see [1], [2], [3], [14], [16], [17], [18], [19] and [21]). In a
series of papers, H. Strade and A. Premet classified the finite-dimensional simple
Lie algebras over an algebraically closed field of characteristic p = 5 and p = 7 in
the beginning of this century (see [7], [8], [9], [10], [11] and [12]). It asserts that
every simple Lie algebra over an algebraically closed field of characteristic p > 3 is
either classical, or of Cartan, or Melikian type.
After the classification of simple Lie algebras, of finite dimension, over a field of
characteristic p > 3, the main problem still open in the category of Lie algebras
of finite dimension is the classification of simple Lie algebras on an algebraically
closed field of characteristic p = 2 and p = 3. In particular for p = 2 many new
phenomena arise (for instances, simple Lie algebras in characteristic zero are not
necessarily simple in characteristic two) and the classification will differ significantly
from those in characteristic 0 and p > 3. The first results for the classification
problem in characteristic 2 were made by S. Skryabin in [6]. In that work, S.
Skryabin proved that all finite dimensional Lie algebra of absolute toral rank 1 over
an algebraically closed fieldK of characteristic 2 is solvable, or equivalently, all finite
dimensional simple Lie algebra over an algebraically closed field of characteristic 2
has absolute toral rank of at least 2.
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In [13], Section 6, A. Premet and H. Strade present the following problem which
is wide open.
Problem 1. Classify all finite dimensional simple Lie algebras of absolute toral
rank two over an algebraically closed field of characteristics 2 and 3.
Strong results closely related to this problem were obtained by A. Grishkov and
A. Premet in [4] (work in progress). They annouced the following result: All finite
dimensional simple Lie algebra over an algebraically closed field of characteristic 2
of absolute toral rank 2 are classical of dimesion 3, 8, 14 or 26. In particular, all
finite dimensional simple Lie 2-algebra over a field of characteristic 2 of (relative)
toral rank 2 is isomorphic to A2, G2 or D4.
The case when the absolute toral rank or relative toral rank is greater than
or equal to 3 is much more difficult. For these cases, we propose the followings
problems, which are still open:
Problem 2. Classify all finite dimensional simple Lie algebras of absolute toral
rank greater than or equal to 3 over an algebraically closed field of characteristic 2.
Problem 3. Classify all finite dimensional simple Lie 2-algebras of relative toral
rank greater than or equal to 3 over an algebraically closed field of characteristic 2.
In this paper we will give a partial result for Problem 3 when the relative toral
rank is 3. Specifically, we show that there are not simple Lie 2-algebras of dimension
less than or equal to 16 with (relative) toral rank 3 over an algebraically closed field
of characteristic 2.
In the next section we will present some basic definitions and well-known results
that will be used throughout the work. In Section 2, we will prove that there are
no simple Lie 2-algebras with toral rank 3 and of dimension less than or equal to
6. In Section 3, we find the Cartan decomposition of a Lie 2-algebra of dimension
greater than or equal to 7 with respect to a maximal subalgebra of dimension 3. This
decomposition will give us the necessary tools for the classification of these algebras
and will be used for the rest of the work. The study of the Cartan decomposition
of these algebras with respect to a toral subalgebra of dimension 3 when the root
spaces have cardinality less than 7 will allow us to conclude in Section 4 that there
are no simple Lie 2-algebras of toral rank 3 with dimension between 7 and 9. When
the root space is equal to the dual of the toral subalgebra, the dimension of the
algebra is greater than or equal to 10. Using this fact and Theorem 5.4, in which
we classify the algebras in whose decomposition of Cartan the root spaces have
different dimensions, we will prove in the last section that there are no simple Lie
2-algebra of dimension between 10 and 16.
1. Preliminaries
Throughout this paper all the algebras are finite-dimensional and are defined
over a fixed algebraically closed field K of characteristic 2 containing the prime
field F2. We will start presenting some basic definitions and well-known facts.
Definition 1.1. A Lie 2-algebra is a pair (g, [2]), where g is a Lie algebra over K,
and [2] : g→ g, a 7→ a[2] is a map (called 2-map) such that:
(1) (a+ b)
[2]
= a[2] + b[2] + [a, b], ∀a, b ∈ g.
(2) (λa)[2] = λ2a[2], ∀λ ∈ K, ∀a ∈ g.
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(3) ad(b[2]) = (ad(b))2, ∀b ∈ g.
If the 2-map [2] exists, it is unique for any Lie 2-algebra (g, [2]) with z(g) = 0.
A Lie 2-algebra (g, [2]) is called simple if g is a simple Lie algebra on K.
Example 1.2. Set
o3(K) := {A = (aij) ∈M3(K) : aii = 0 and aij = aji}.
The canonical basis of o3(K) is given by: e1 := e12 + e21, e2 := e13 + e31, and
e3 := e23 + e32. Then o3(K) = Ke1 ⊕ Ke2 ⊕ Ke3, with [e1, e2] = e3, [e1, e3] =
e2, [e3, e1] = e2, is the only (up to isomorphism) simple Lie algebra of dimension 3
on K. However, it is not a Lie 2-algebra.
Definition 1.3. Let (g, [2]) be a Lie 2-algebra over K. An element x ∈ g is called
semisimple (respectively, 2-nilpotent) if x lies in the 2-subalgebra of g generated by
x, that is x ∈ span{x, x[2], x[2]
2
, ...} (respectively, if x[2]
n
= 0 for some n ∈ N).
It is well-known that for any x ∈ g there are unique elements xs and xn in g
such that xs is semisimple, xn is 2-nilpotent, and x = xs + xn with [xs, xn] = 0
(Jordan-Chevalley-Seligman decomposition).
Definition 1.4. A torus in g is an abelian subalgebra t for which the 2-mapping
is one-to-one.
For a torus t there is a basis {t1, ..., tn} such that t
[2]
i = ti. The elements satisfying
t = t[2] will be called toroidal elements. A torus t1 of g is called maximal if the
inclusion t1 ⊆ t2, with t2 toral, implies t1 = t2.
Definition 1.5. (H. Strade [15]). The (relative) toral rank of a Lie 2-algebra (g, [2])
is given by
MT (g) := max{dimK(t) : t is a torus in g}.
For instances, the centralizer cg(t) of any maximal torus in g is a Cartan subal-
gebra of g and, conversely, the semisimple elements of any Cartan subalgebra of g
lie in its center and form a maximal torus in g.
Let t be a maximal torus of (g, [2]), h := cg(t), and let V be a finite dimen-
sional (g, [2])-module (this means that ρV (x
[2]) = ρV (x)
2, ∀x ∈ g where ρV : g →
EndK(V ) denotes the corresponding 2-representation). Since t is abelian, then
ρV (t) is abelian and consists of semisimple elements. Therefore, V can be decom-
posed into weight spaces respect to t as
V = ⊕
λ∈t∗
Vλ, where Vλ := {v ∈ V : ρ(t)(v) := v · t = λ(t) v, ∀t ∈ t}.
The subset ∆ := {λ ∈ t∗ : Vλ 6= 0} ⊆ t
∗ is called the t-weight of V .
Lemma 1.6. If t is a toral element of t, then λ(t) ∈ F2, for any λ ∈ ∆.
Proof. If v ∈ V \ {0}, then
λ(t)v = v · t = v · t[2] = (v · t) · t = (λ(t)v) · t = λ(t)(v · t) = λ(t)2v.
So, λ(t) ∈ F2. 
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If V = g is the adjoint (g, [2])-module, then ∆ = {λ ∈ t∗ : gλ 6= 0} is nothing
but the set of roots of g respect to t, and
g = h⊕
(
⊕
α∈∆
gα
)
where gα := {g ∈ g : ad(h)(g) = α(h)g, h ∈ h}
is the root space decomposition.
2. Simple Lie 2-algebra with toral rank 3 and dimK ≤ 6
We will obtain in Proposition 2.1 that there are no simple Lie 2-algebras of
dimK ≤ 6 with toral rank 3. Next section will be spend to find the Cartan decom-
position for dimK ≥ 7, which will be very useful throughout the work.
Suppose that there exists a simple Lie 2-algebra (g, [2]) of dimK(g) ≤ 6. In
particular, g is a simple Lie algebra on K of dimK(g) ≤ 6 and g is not isomorphic
to the Witt algebraW (1;1) (otherwise,W (1;1) is simple over K, which is absurd).
Then, by [20], Theorem 2.2, we have that g is of dimension 3 and so g is isomorphic
to o3(K). However o3(K) is not a Lie 2-algebra. This facts proves that:
Proposition 2.1. There are no simple Lie 2-algebras of dimK ≤ 6 with toral rank
3.
3. Cartan decomposition of a Lie 2-algebra of rank toral 3.
As we said in Section 2, in this section we will suppose that (g, [2]) is a Lie
2-algebra with MT (g) = 3 and we will find its Cartan decomposition. We have g
contains a maximal torus t of dimK(t) = 3. Since ad(t) is abelian and consists of
semisimple elements, g can be decomposed into weights spaces respect to t, that is
g = cg(t)⊕
(
⊕
λ∈ t∗\{0}
gλ
)
where gλ = {v ∈ g : [t, v] = λ(t)v, ∀t ∈ t}.
Now, since t is a torus of dimension 3, there is a basis {ti ∈ t : t
[2]
i = ti, i = 1, 2, 3}
of t such that λ(ti) ∈ F2, ∀λ ∈ t
∗ (Lemma 1.6). Hence, for any λ : t → F2, writing
λ = (λ(t1), λ(t2), λ(t3)), we have
t∗ = {(0, 0, 0), (1, 0, 0), (0, 1, 0), (0, 0, 1), (1, 1, 0), (1, 0, 1), (0, 1, 1), (1, 1, 1)}.
Set α = (1, 0, 0), β = (1, 0, 0), γ = (0, 0, 1) and h = cg(t). Thus {α, β, γ} is
a basis of t∗ and h is a Cartan subalgebra of g. Thus, h = t ⊕ n, where n is a
2-nilpotent subalgebra of g and [t, n] = 0. Therefore:
Theorem 3.1. The decomposition into weights spaces of (g, [2]) with respect to t
is:
g = t⊕ n⊕ gα ⊕ gβ ⊕ gγ ⊕ gα+β ⊕ gα+γ ⊕ gβ+γ ⊕ gα+β+γ
or
g = t⊕ n⊕
(
⊕
ξ∈G
gξ
)
,
where G := 〈α, β, γ〉 is an elementary abelian group of order 8 and n is a 2-nilpotent
subalgebra of g.
Using the decomposition in Theorem 3.1, we show in the next proposition that
there exist at least three non-zero weight spaces. This fact leads us to conclude
that the dimension of g must be greater than or equal to 6, since the dimension of
h is greater than or equal to 3.
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Proposition 3.2. There are ξ, δ, θ in t∗ linearly independent such that gξ 6= 0,
gδ 6= 0 and gθ 6= 0.
Proof. Suppose the proposition is false. We have two cases:
Case 1: There are ξ, δ and t∗ linearly independent such that gξ 6= 0 and gδ 6= 0.
In this case, we can extend {ξ, δ} to a basis of t∗. Thus there is λ ∈ t∗\{0} such
that {ξ, δ, λ} ⊆ t∗\{0} is a linearly independent set and gλ = 0. By the action of
the linear group GL3(F2) on t
∗ we can consider the following change of basis given
by
GL3(F2)× t
∗ ψA−−−→ t∗
(A, ξ) 7→ A · ξ := α
(A, δ) 7→ A · δ := β
(A, λ) 7→ A · λ := γ
Thus, we find that g = h⊕ gα ⊕ gβ ⊕ gα+β . Consequently, up to change of basis, g
can be written as
g = h⊕ gε ⊕ gµ ⊕ gε+µ,
where {ε, µ, µ + ε} is a linearly dependent set of t∗. Hence, g has total range 2,
which is a contradiction.
Case 2: There is ξ ∈ t∗ such that gξ 6= 0.
We extend {ξ} ⊆ t∗\{0} to a basis of t∗, so for pi, κ ∈ t∗ \ {0}, {ξ, pi, κ} is a
linearly independent set such that gξ 6= 0 and gpi = gκ = 0. Then, by the action of
GL3(F2) on t
∗, we can make a change of basis, that is, for A ∈ GL3(F2) fixed, we
have
GL3(F2)× t
∗ ψA−−−→ t∗
(A, ξ) 7→ A.ξ := α
(A, pi) 7→ A.pi := β
(A, κ) 7→ A.κ := γ.
Therefore, up to change of basis, g can be written as g = h ⊕ gε for some
ε ∈ t∗ \ {0}. In this case, we have g has toral rank 1, which is a contradiction. 
It follows from Proposition 3.2 that:
Corollary 3.3. dimK(g) ≥ 6.
Proof. Since dimK(h) ≥ 3 and by Proposition 3.2 there exist θ, δ and ξ in t
∗ linearly
independent such that dimK(gξ) ≥ 1, dimK(gδ) ≥ 1 and dimK(gθ) ≥ 1, we have
dimK(g) ≥ 6. 
Remark 3.4. By Theorem 3.1, Proposition 3.2 and Corollary 3.3, from now on we
will assume, without loss of generality, that dimK(g) ≥ 6 and the Cartan decom-
position into weight spaces of g is
g = t⊕ n⊕ gα ⊕ gβ ⊕ gγ ⊕ gα+β ⊕ gα+γ ⊕ gβ+γ ⊕ gα+β+γ ,
where {α, β, γ} is a basis of t∗ such that gα 6= 0, gβ 6= 0, and gγ 6= 0, with
dimK(gα) ≥ dimK(gβ) ≥ dimK(gγ) ≥ dimK(gξ) > 0, ∀ ξ ∈ t
∗\{α, β, α+ β}.
Let ∆ := {λ ∈ t∗ : gλ 6= 0} be the root system of g with respect to t. It follows
from Theorem 3.1 that α, β and γ are elements of ∆. The following are all the
possibilities for ∆ depending on its cardinality.
1. If Card(∆) = 3, we have ∆1 = {α, β, γ}.
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2. If Card(∆) = 4, we have the following possibilities for ∆:
a. ∆2 = {α, β, γ, α+ β}
b. ∆3 = {α, β, γ, α+ γ}
c. ∆4 = {α, β, γ, β + γ}
d. ∆5 = {α, β, γ, α+ β + γ}
3. If Card(∆) = 5, we have the following possibilities for ∆:
a. ∆6 = {α, β, γ, α+ β, α+ γ}
b. ∆7 = {α, β, γ, α+ β, β + γ}
c. ∆8 = {α, β, γ, α+ β, α+ β + γ}
d. ∆9 = {α, β, γ, α+ γ, β + γ}
e. ∆10 = {α, β, γ, α+ γ, α+ β + γ}
f. ∆11 = {α, β, γ, β + γ, α+ β + γ}
4. If Card(∆) = 6, we have the following possibilities for ∆:
a. ∆12 = {α, β, γ, α+ β, α + γ, β + γ}
b. ∆13 = {α, β, γ, α+ β, α + γ, α+ β + γ}
c. ∆14 = {α, β, γ, α+ β, β + γ, α+ β + γ}
d. ∆15 = {α, β, γ, α+ γ, β + γ, α+ β + γ}
5. If Card(∆) = 7, then ∆0 = t
∗\{0}.
For 0 ≤ i ≤ 15, we will denote by (g∆i , [2]) the Lie 2-algebra with its associated
root space ∆i in the previous list.
Using the above facts we can conclude the following theorem:
Theorem 3.5. For each 0 ≤ i ≤ 15, we have the Cartan decompositions of (g∆i , [2])
with respect to h is given by
(3.1) g∆i = t⊕ n⊕
(
⊕
ξ∈∆i
gξ
)
.
4. Analysis of g = h⊕ (⊕ξ∈∆igξ), with Card(∆i) < 7.
In this section we will show that for each ∆i, 1 ≤ i ≤ 15, the Cartan decompo-
sition g∆i = h ⊕ ( ⊕
ξ∈∆i
gξ), associated with each system of root ∆i, generate some
contradictions. These incompatibilities allow us to conclude that there is not a
simple Lie 2-algebra of toral rank 3 with these structures (see Proposition 4.3).
The case ∆0 = t
∗\{0} corresponding to i = 0 will be studied in the next section.
From now on we suppose that (g, [2]) is a simple Lie 2-algebra with MT (g) = 3
and dimK(g) ≥ 7 (since there is no simple Lie 2-algebra with MT (g) = 3 and
dimK(g) = 6). Furthermore, we will assume that h is a Cartan subalgebra of g of
maximal rank and, therefore, h ⊕ gξ is solvable for all ξ ∈ G = 〈α, β, γ〉 , where
G = 〈α, β, γ〉 is the elementary abelian group of order 8.
In order to prove Proposition 4.3, we show the next lemmas:
Lemma 4.1. If dimK(gξ) = 1 for ξ ∈ ∆ \ {0}, then [n, gξ] = 0.
Proof. Set gξ = span{eξ} and take n ∈ n. Thus
y = ad(n)(eξ) = [n, eξ] ∈ [n, gξ] ⊂ gξ.
Therefore ad(n)(eξ) = λeξ for some λ ∈ K. Since ad(n) is a nilpotent operator, we
have λ = 0 and therefore y = 0, which proves the lemma. 
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Lemma 4.2. If g = h⊕
(
⊕
ξ∈∆i
gξ
)
, then [gξ, gξ] ⊆ Ker(ξ) for all ξ ∈ ∆.
Proof. Let ξ ∈ ∆ be fixed and set Sξ := h ⊕ gξ which is a soluble subalgebra of
g. Suppose that there is h ∈ [gξ, gξ] such that ξ(h) 6= 0. As gξ ⊆ Sξ, we have
[gξ, gξ] ⊆ [Sξ, Sξ] = Sξ
(1), hence h ∈ Sξ
(1). Thus [h, Sξ] ⊆ [Sξ
(1), Sξ] ⊆ Sξ
(1),
since Sξ
(1) is an ideal of Sξ. Now, take v ∈ gξ. Given that ξ(h) 6= 0, we have
v = 1
ξ(h) [v, h] ∈ [h, Sξ] ⊆ Sξ
(1). Therefore gξ ⊆ Sξ
(1) and so
h ∈ [gξ, gξ] ⊆ [Sξ
(1), Sξ
(1)] = Sξ
(2).
Next, suppose that h ∈ Sξ
(m) for some m ∈ N. As Sξ
(m) is an ideal of Sξ, we
have [h, Sξ] ⊆ Sξ
(m) and hence gξ ⊆ Sξ
(m) (since ξ(t) 6= 0). Thus
h ∈ [gξ, gξ] ⊆ [Sξ
(m), Sξ
(m)] = Sξ
(m+1)
and so h ∈ Sξ
(m+1). Then by induction, h ∈ Sξ
(m) for all m, and since Sξ is
solvable, we have h = 0. This fact implies that ξ(h) = 0, which is a contradiction.
Therefore ξ([gξ, gξ]) = 0. 
Proposition 4.3. There are no simple Lie 2-algebras of finite dimensional of toral
rank 3, with Cartan decomposition g∆i = h⊕( ⊕
ξ∈∆i
gξ), for 1 ≤ i ≤ 15. In particular,
there are no simple Lie 2-algebras g with 7 ≤ dimK(g) ≤ 9 and MT (g) = 3.
Proof. If dimK(gξ) = 1 for all ξ ∈ ∆i, with 1 ≤ i ≤ 15, we have that
0 6= I := n⊕ ( ⊕
ξ∈∆i
gξ)
is a non-trivial ideal of g, since [n, gξ] = 0 (by Lemma 4.1) and [gξ, gξ] = 0. This
fact is a contradiction, because g is a simple Lie algebra. So, we can assume that
dimK(gξ) ≥ 2 for all ξ ∈ ∆i.
We will suppose, by contradiction, that there exist simple Lie 2-algebras of toral
rank 3, with Cartan decomposition given in (3.1) and we will get a contradiction.
Case 1: ∆1 = {α, β, γ}.
In this case we have
g = t⊕ n⊕ gα ⊕ gβ ⊕ gγ .
First we show that [gξ, gξ] ⊆ n, for all ξ ∈ ∆1. Indeed, let e
ξ
i and e
ξ
j be elements in
the basis of gξ. Thus x
ξ := [eξi , e
ξ
j ] ∈ [gξ, gξ] ⊆ h = n ⊕ t and therefore there are
tξij ∈ t and n
ξ
ij ∈ n such that x
ξ = tξij + n
ξ
ij = α(t
ξ
ij)t1 + β(t
ξ
ij)t2 + γ(t
ξ
ij)t3 + n
ξ
ij .
By Lemma 4.2 we have 0 = ξ(xξ) = ξ(tξij + n
ξ
ij) for all ξ ∈ ∆1. Hence 0 = ξ(x
ξ) =
ξ(tξij + n
ξ
ij) = ξ(t
ξ
ij). Then α(t
α
ij) = β(t
β
ij) = γ(t
γ
ij) = 0 and therefore x
ξ = nξij ∈ n
for all ξ ∈ ∆1. The simplicity of g, implies that h =
∑
ξ∈∆1
[gξ, gξ], so h ⊆ n.
Therefore h = n and t = 0, which is a contradiction.
Case 2.a: ∆2 = {α, β, γ, α+ β}.
We have
g = t⊕ n⊕ gα ⊕ gβ ⊕ gγ ⊕ gα+β .
Let eξi and e
ξ
j be elements of the base of gξ. Then x
ξ := [eξi , e
ξ
j ] ∈ h and there are
tξij ∈ t and n
ξ
ij ∈ n such that x
ξ = tξij + n
ξ
ij . So
0 = ξ(xξ) = ξ(tξij + n
ξ
ij) = ξ(t
ξ
ij) for all ξ ∈ ∆2,
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that is
α(tαij) = β(t
β
ij) = γ(t
γ
ij) = (α+ β)(t
α+β
ij ) = 0.
On the other hand, by the Jacobi identity and since α+ γ /∈ ∆2, we have that
0 = [eγk, [e
α
i , e
α
j ]] = [e
γ
k, x
α] = [eγk, t
α
ij ] + [e
γ
k, n
α
ij ] = γ(t
α
ij)e
γ
k + ad(n
α
ij)(e
γ
k),
for all eγk ∈ gγ . So ad(n
α
ij)(e
γ
k) = γ(t
α
ij)e
γ
k. Since ad(n
α
ij) is nilpotent, there is m ∈ N
such that ad(nαij)
m = 0 and then γ(tαij) = 0. Hence,
xα = tαij + n
α
ij = α(t
α
ij)t1 + β(t
α
ij)t2 + γ(t
α
ij)t3 + n
α
ij = β(t
α
ij)t2 + n
α
ij .
Therefore [gα, gα] ⊆ 〈t2〉 ⊕ n. Analogously, by the Jacobi identity and since α +
γ, β+ γ, α+ β + γ /∈ ∆2, we can prove that α(t
γ
ij) = β(t
γ
ij) = γ(t
β
ij) = γ(t
α+β
ij ) = 0.
Therefore
xβ = α(tβij)t1 + n
β
ij
xγ = nγij
xα+β = α(tα+βij )t1 + β(t
α+β
ij )t2 + n
α+β
ij , α(t
α+β
ij ) = β(t
α+β
ij ).
Thus
[gβ , gβ] ⊆ 〈t1〉 ⊕ n, [gγ , gγ ] ⊆ n and [gα+β+γ , gα+β+γ ] ⊆ 〈t1 + t2〉 ⊕ n.
As g is simple, we have h =
∑
ξ∈∆2
[gξ, gξ] ⊆ 〈t1, t2〉 ⊕ n and then dimK(t) ≤ 2,
which is a contradiction.
Case 2.b: ∆3 = {α, β, γ, α+ γ}.
We have
g = t⊕ n⊕ gα ⊕ gβ ⊕ gγ ⊕ gα+γ .
By the same argument of the above case and since α+ β, β + γ, and α+ β + γ do
not belong to ∆3, we find that:
xα = γ(tαij)t3 + n
α
ij .
xβ = nβij .
xγ = α(tγij)t1 + n
γ
ij .
xα+γ = α(tα+γij )t1 + γ(t
α+γ
ij )t3 + n
α+γ
ij , α(t
α+γ
ij ) = γ(t
α+γ
ij ).
Therefore
[gα, gα] ⊆ 〈t3〉 ⊕ n
[gβ, gβ ] ⊆ n
[gγ , gγ ] ⊆ 〈t1〉 ⊕ n
[gα+γ , gα+γ ] ⊆ 〈t1 + t3〉 ⊕ n
Hence h =
∑
ξ∈∆3
[gξ, gξ] ⊆ 〈t1, t3〉 ⊕ n and then dimK(t) ≤ 2, which is a contra-
diction.
Case 2.c: ∆4 = {α, β, γ, β + γ}.
Thus
g = t⊕ n⊕ gα ⊕ gβ ⊕ gγ ⊕ gβ+γ .
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Since α+β, α+ γ, α+ β+ γ /∈ ∆4 and using the same argument of the above cases
we have
xα = nαij
xβ = β(tβij)t3 + n
β
ij
xγ = β(tγij)t2 + n
γ
ij .
xβ+γ = β(tβ+γij )t2 + γ(t
βγ
ij )t3 + n
β+γ
ij , β(t
β+γ
ij ) = γ(t
β+γ
ij ).
Therefore
[gα, gα] ⊆ n
[gβ, gβ ] ⊆ 〈t3〉 ⊕ n
[gγ , gγ ] ⊆ 〈t2〉 ⊕ n,
[gβ+γ , gβ+γ ] ⊆ 〈t2 + t3〉 ⊕ n.
Thus h =
∑
ξ∈∆4
[gξ, gξ] ⊆ 〈t2, t3〉 ⊕ n and hence dimK(t) ≤ 2. A contradiction.
Case 2.b: ∆5 = {α, β, γ, α+ β + γ}.
Thus
g = t⊕ n⊕ gα ⊕ gβ ⊕ gγ ⊕ gα+β+γ .
We have α+β, α+γ, β+γ /∈ ∆5. This fact implies that [gα, gα], [gβ , gβ ], [gγ , gγ ] and
[gα+β+γ , gα+β+γ ] are subsets of n. Therefore h ⊆ n and thus t = 0. A contradiction.
Case 3.a: ∆6 = {α, β, γ, α+ β, α + γ}.
We have
g = t⊕ n⊕ gα ⊕ gβ ⊕ gγ ⊕ gα+β ⊕ gα+γ .
We can prove that
xα = β(tαij)t2 + γ(t
α
ij)t3 + n
α
ij .
xβ = nβij .
xγ = nγij .
xα+β = nα+βij .
xα+γ = nα+γij .
Therefore, [gξ, gξ] ⊆ n for all ξ ∈ ∆6\{α} and [gα, gα] ⊆ 〈t2 + t3〉 ⊕ n. So
g =
∑
ξ∈∆6
[gξ, gξ] ⊆ 〈t2, t3〉 ⊕ n.
Hence dimK(t) ≤ 2. A contradiction.
Case 3.b: ∆7 = {α, β, γ, α+ β, β + γ}.
We have
g = t⊕ n⊕ gα ⊕ gβ ⊕ gγ ⊕ gα+β ⊕ gβ+γ .
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We find that:
[gα, gα] ⊆ n.
[gβ , gβ] ⊆ 〈t1 + t3〉 ⊕ n.
[gγ , gγ ] ⊆ n.
[gα+β , gα+β] ⊆ 〈t1 + t2〉 ⊕ n.
[gβ+γ , gβ+γ] ⊆ 〈t2 + t3〉 ⊕ n.
Set
t0 := 〈t1 + t3〉 ⊕ 〈t1 + t2〉 ⊕ 〈t2 + t3〉 .
Thus h ⊆
∑
ξ∈∆7
[gξ, gξ] ⊆ t0 ⊕ n. Let’s see that this fact implies that t1 /∈ [g, g].
Indeed, if t1 ∈ [g, g] ⊆
∑
ξ∈∆7
[gξ, gξ] ⊆ t0 ⊕ n, then there are δ1, δ2, δ3 in K and
n ∈ n such that
t1 = δ1(t1 + t3) + δ2(t1 + t2) + δ3(t2 + t3) + n,
that is,
(1 + δ1 + δ2)t1 + (δ2 + δ3)t2 + (δ1 + δ3)t3 = n.
Since t∩ n = 0, we have (1 + δ1 + δ2)t1 + (δ2 + δ3)t2 + (δ1 + δ3)t3 = 0. As t1, t2, t3
are linearly independent, we obtain the following system of equations:

1 + δ1 + δ2 = 0
δ2 + δ3 = 0
δ1 + δ3 = 0.
Solving the system, we have that 0δ1 + 0δ2 = 1, which is absurd. Therefore t1 /∈
[g, g]. However, this fact implies that t 6⊆ [g, g], which is absurd, since t ⊆ [g, g].
Case 3.c: ∆8 = {α, β, γ, α+ β, α + β + γ}.
We have
g = t⊕ n⊕ gα ⊕ gβ ⊕ gγ ⊕ gα+β ⊕ gα+β+γ .
So,
[gξ, gξ] ⊆ n ∀ξ ∈ ∆8\{α+ β}.
[gα+β , gα+β] ⊆ 〈t1 + t2, t3〉 ⊕ n.
Then h ⊆ 〈t1 + t2, t3〉 ⊕ n and so dimK(h) ≤ dimK(n) + 2. Hence dimK(t) ≤ 2
(contradiction).
Case 3.d: ∆9 = {α, β, γ, α+ γ, β + γ}.
Then
g = t⊕ n⊕ gα ⊕ gβ ⊕ gγ ⊕ gα+γ ⊕ gβ+γ .
We have
[gα, gα] ⊆ n.
[gβ , gβ ] ⊆ n.
[gγ , gγ ] ⊆ 〈t1, t2〉 ⊕ n.
[gα+γ , gα+γ ] ⊆ n.
[gβ+γ , gβ+γ ] ⊆ n.
Therefore h =
∑
ξ∈∆9
[gξ, gξ] ⊆ 〈t1, t2〉 ⊕ n and then dimk(t) ≤ 2. A contradiction.
Case 3.e: ∆10 = {α, β, γ, α+ γ, α+ β + γ}.
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Then
g = t⊕ n⊕ gα ⊕ gβ ⊕ gγ ⊕ gα+γ ⊕ gα+β+γ .
We have,
[gξ, gξ] ⊆ n ∀ξ ∈ ∆10\{α+ γ}
[gα+γ , gα+γ ] ⊆ 〈t2, t1 + t3〉 ⊕ n,
and then dimk(T ) ≤ 2, which is absurd.
Case 3.f : ∆11 = {α, β, γ, β + γ, α+ β + γ}.
Then
g = t⊕ n⊕ gα ⊕ gβ ⊕ gγ ⊕ gβ+γ ⊕ gα+β+γ .
Therefore
[gξ, gξ] ⊆ n ∀ξ ∈ ∆11\{β + γ}.
[gβ+γ , gβ+γ ] ⊆ 〈t2, t1 + t3〉 ⊕ n.
Hence h ⊆ 〈t2, t1 + t3〉 ⊕ n and so dim(t) ≤ 2. A contradiction.
Case 4.a: ∆12 = {α, β, γ, α+ β, α+ γ, β + γ}.
Then
g = t⊕ n⊕ gα ⊕ gβ ⊕ gγ ⊕ gα+β ⊕ gα+γ ⊕ gβ+γ .
By similar arguments presented in the above cases, we have that
[gα, gα], [gβ+γ , gβ+γ ] ⊆ 〈t2 + t3〉 ⊕ n.
[gβ , gβ], [gα+γ , gα+γ ] ⊆ 〈t1 + t3〉 ⊕ n.
[gγ , gγ ], [gα+β , gα+β] ⊆ 〈t1 + t2〉 ⊕ n.
As in Case 3.b, this fact implies that t1 /∈ [g, g], because if
t1 ∈ [g, g] ⊆
∑
ξ∈∆12
[gξ, gξ] ⊆ t0 ⊕ n, where t0 := 〈t2 + t3〉 ⊕ 〈t1 + t2〉 ⊕ 〈t1 + t3〉 ,
then, for some δi ∈ K and n ∈ n,
t1 = δ1(t2 + t3) + δ2(t1 + t2) + δ3(t1 + t3) + n.
Therefore (1 + δ2 + δ3)t1 + (δ1 + δ2)t2 + (δ1 + δ3)t3 = n. Since t ∩ n = 0, we have
(1 + δ2 + δ3)t1 + (δ1 + δ2)t2 + (δ1 + δ3)t3 = n = 0. Given that t1, t2, t3 are linearly
independent, we obtain the following system of equations

1 + δ2 + δ3 = 0
δ1 + δ2 = 0
δ1 + δ3 = 0
which has no solution in K, and this is a contradiction. Therefore t1 /∈ [g, g], that
is, t 6⊆ [g, g], which is absurd, since t ⊆ [g, g].
Case 4.b: ∆13 = {α, β, γ, α+ β, α+ γ, α+ β + γ}.
Then
g = t⊕ n⊕ gα ⊕ gβ ⊕ gγ ⊕ gα+β ⊕ gα+γ ⊕ gα+β+γ .
We have
[gα, gα], [gα+β+γ , gα+β+γ ] ⊆ 〈t2 + t3〉 ⊕ n.
[gβ, gβ ], [gγ , gγ ] ⊆ 〈t1〉 ⊕ n
[gα+β , gα+β ], [gα+γ , gα+γ ] ⊆ 〈t1 + t2 + t3〉 ⊕ n.
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By the same argument given in Case 3.b, we have that t2 /∈ [g, g], which is a
contradiction, since t ⊆ [g, g].
Case 4.c: ∆14 = {α, β, γ, α+ β, β + γ, α+ β + γ}.
We have
g = t⊕ n⊕ gα ⊕ gβ ⊕ gγ ⊕ gα+β ⊕ gβ+γ ⊕ gα+β+γ .
Therefore,
[gα, gα] ⊆ 〈t2〉 ⊕ n
[gβ , gβ] ⊆ 〈t1 + t3〉 ⊕ n
[gγ , gγ ] ⊆ 〈t2〉 ⊕ n
[gα+β, gα+β ] ⊆ 〈t1 + t2 + t3〉 ⊕ n
[gβ+γ , gβ+γ ] ⊆ 〈t1 + t2 + t3〉 ⊕ n
[gα+β+γ , gα+β+γ ] ⊆ 〈t1 + t3〉 ⊕ n
We prove that t1 /∈ [g, g]. Otherwise,
t1 ∈ [g, g] ⊆
∑
ξ∈∆14
[gξ, gξ] ⊆ t0 ⊕ n, where t0 := 〈t2〉 ⊕ 〈t1 + t3〉 ⊕ 〈t1 + t2 + t3〉 .
Then t1 = δ1(t2) + δ2(t1 + t3) + δ3(t1 + t2 + t3) + n for some δi ∈ K and n ∈
n. Thus (1 + δ2 + δ3)t1 + (δ1 + δ2)t2 + (δ1 + δ3)t3 = n. As t ∩ n = 0, then
(1 + δ2 + δ3)t1 + (δ1 + δ2)t2 + (δ1 + δ3)t3 = n = 0. Since t1, t2, t3 are linearly
independent, we have the following system

1 + δ2 + δ3 = 0
δ1 + δ2 = 0
δ1 + δ3 = 0
which has no solution, a contradiction. Hence, t1 /∈ [g, g]. This fact is absurd
because t ⊆ [g, g].
Case 4.d: ∆15 = {α, β, γ, α+ γ, β + γ, α+ β + γ}, then
g = t⊕ n⊕ gα ⊕ gβ ⊕ gγ ⊕ gα+γ ⊕ gβ+γ ⊕ gα+β+γ
We have
[gα, gα] ⊆ 〈t3〉 ⊕ n.
[gβ , gβ ] ⊆ 〈t3〉 ⊕ n.
[gγ , gγ ] ⊆ 〈t1 + t2〉 ⊕ n.
[gα+γ , gα+γ ] ⊆ 〈t1 + t2 + t3〉 ⊕ n.
[Lβ+γ , Lβ+γ ] ⊆ 〈t1 + t2 + t3〉 ⊕ n.
[gα+β+γ , gα+β+γ ] ⊆ 〈t1 + t2〉 ⊕ n.
Set t0 = 〈t3〉⊕〈t1 + t2〉⊕〈t1 + t2 + t3〉. Thus [g, g] ⊆
∑
ξ∈∆15
[gξ, gξ] ⊆ t0⊕n. If t1 ∈
[g, g] then there are δ1, δ2, δ3 inK such that t1 = δ1t3+δ2(t1+t2)+δ3(t1+t2+t3)+n.
Therefore we have the following system of equations

1 + δ2 + δ3 = 0
δ2 + δ3 = 0
δ1 + δ3 = 0.
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Solving the system, we have 0δ2 + 0δ3 = 1, which is absurd. Therefore t1 /∈ [g, g],
which is a contradiction because t ⊆ [g, g]. 
5. Analysis of g = h⊕ (⊕ξ∈∆gξ), with ∆ = t
∗\{0}.
In this section, we will study the Cartan decomposition of g∆, when Card(∆) =
7, that is, when ∆ = ∆0 = t
∗\{0}.We will prove that there not simple Lie 2-algebra
of 10 ≤ dimK(g) ≤ 16 with MT (g) = 3.
From now on, we will suppose that (g, [2]) is a simple Lie 2-algebra of toral rank
3, with dimension greater that or equal to 10, whose Cartan decomposition with
respect to t is:
g = t⊕ n⊕ gα ⊕ gβ ⊕ gγ ⊕ gα+β ⊕ gα+γ ⊕ gβ+γ ⊕ gα+β+γ .
Remember that we are considering that
dimK(gα) ≥ dimK(gβ) ≥ dimK(gγ) ≥ dimK(gξ) > 0 for ξ /∈ ∆\{α, β, α+ β}
(see Remark 3.4).
Next theorem will help us to study (classify) those algebras in whose decomposi-
tion of Cartan the root spaces have different dimensions, which will be fundamental
to show our main result (Theorem 5.4).
Theorem 5.1. Take α, β ∈ ∆. If there exists eα ∈ gα such that
e[2]α := tα + nα, tα ∈ t\{0}, nα ∈ n and β(tα) 6= 0,
then gβ is isomorphic to gα+β.
Proof. Take eα ∈ gα and let ad(eα) : gβ → gα+β be the adjoint mapping. We prove
that ad(eα) is injective. Take eβ, fβ in gβ such that ad(eα)(eβ) = ad(eα)(fβ). Then
[eα, eβ] = [eα, fβ]. Therefore
[e[2]α , eβ] = [eα, [eα, eβ]] = [eα, [eα, fβ]] = [eα
[2], fβ].
By hypothesis [tα + nα, eβ] = [tα + nα, fβ], that is,
β(tα)eβ + ad(nα)(eβ) = β(tα)fβ + ad(nα)(fβ)
and so β(tα)(eβ+fβ) = ad(nα)(eβ+fβ). Therefore, ad(tα)(eβ+fβ) = ad(nα)(eβ+
fβ). As ad(nα) is nilpotent, there exists m ∈ N such that ad(nα)
m = 0. So
ad(tα)
m
(eβ+fβ) = 0 and therefore (ad(tα)(eβ+fβ))
m = 0. Then ad(tα)(eβ+fβ) =
0 and so β(tα)(eβ+fβ) = 0. As β(tα) 6= 0 we have eβ = fβ and so ad(eα) is injective.
Analogously we can prove that ad(eα) : gα+β → gβ is an injective linear trans-
formation, since (α+ β)(tα) = α(tα) + β(tα) = 0 + β(tα) = β(tα) 6= 0.
The rank-nullity formula implies that
dimK(gβ) = dimKIm(ad(eα)) ≤ dimK(gα+β)
and
dimK(gα+β) = dimKIm(ad(eα)) ≤ dimK(gβ).
Therefore dimK(gβ) = dimK(gα+β). 
Notation 5.2. For j ∈ {g, t, n, gα, gβ , gγ , gα+β , gα+γ , gβ+γ , gα+β+γ}, we set
dimK(j) = d(j).
Consider
P = (d(g) : d(t), d(n), d(gα), d(gβ), d(gγ), d(gα+β), d(gα+γ), d(gβ+γ), d(gα+β+γ)).
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Next, fixing the dimension of (g, [2]), we will study its structure when ∆ =
t∗\{0}. We have the followings possibilities:
1. If dimK(g) = 10, we have P = (10 : 3, 0, 1, 1, 1, 1, 1, 1, 1). Thus I = ⊕
ξ∈∆
gξ is an
ideal of g, so g is not simple. A contradiction.
2. If dimK(g) = 11, we have the following cases:
i. P = (11 : 3, 0, 2, 1, 1, 1, 1, 1, 1). In this case, as t ⊆
∑
ξ∈∆[gξ, gξ] ⊆ [gα, gα],
then the dimK(t) ≤ 1 ( A contradiction).
ii. P = (11 : 3, 1, 1, 1, 1, 1, 1, 1, 1). Then I := n ⊕ ( ⊕
ξ∈∆
gξ) is an ideal of g. A
contradiction.
3. If dimK(g) = 12, we have:
i. P = (12 : 3, 0, 3, 1, 1, 1, 1, 1, 1). If eα ∈ [gα, gα], then there exist δ1, δ2, δ3 ∈
K such that eα = δ1t1 + δ2t2 + δ3t3. Thus
0 = [eα, eα] = δ1α(t1)eα + δ2α(t2)eα + δ3α(t3)eα = δ1eα.
Therefore δ1 = 0 and so eα = δ2t2 + δ3t3, that is, eα ∈ 〈t2, t3〉. Hence
[gα, gα] ⊆ 〈t2, t3〉 . Since t ⊆
∑
ξ∈∆[gξ, gξ] ⊆ [gα, gα] ⊆ 〈t2, t3〉, we have
dimK(t) ≤ 2, which is a contradiction.
ii. P = (12 : 3, 0, 2, 2, 1, 1, 1, 1, 1). Then t ⊆
∑
ξ∈∆[gξ, gξ] ⊆ [gα, gα] + [gβ , gβ]
and so dimK(t) ≤ dimK([gα, gα]) + dimK([gβ , gβ]) ≤ 1 + 1 = 2.
iii. P = (12 : 3, 1, 2, 1, 1, 1, 1, 1, 1). We have h ⊆
∑
ξ∈∆[gξ, gξ] = [gα, gα] and
since dimK(gα) = 2, it follows that dimK([gα, gα]) ≤ 1. So, dimK(h) ≤ 1.
A contradiction.
iv. P = (12 : 3, 2, 1, 1, 1, 1, 1, 1, 1). We have I := n⊕
∑
ξ∈∆⊕gξ is an ideal of g.
A contradiction.
4. If dimK(g) = 13, then we have the following structures for g:
i. P = (13 : 3, 0, 4, 1, 1, 1, 1, 1, 1).
ii. P = (13 : 3, 0, 3, 2, 1, 1, 1, 1, 1).
iii. P = (13 : 3, 0, 2, 2, 2, 1, 1, 1, 1).
For these three cases we have: let eβ ∈ gβ be an element of the base of gβ.
Then e
[2]
β ∈ t and so there exist δ1, δ2, δ3 ∈ K such that e
[2]
β = δ1t1 + δ2t2 +
δ3t3. Since β(e
[2]
β ) = 0, we have δ2 = 0. Thus tβ = δ1t1 + δ3t3 for some
δ1, δ3 ∈ K and so g
[2]
β ⊆ 〈t1, t3〉. If we choose δ1 6= 0, then α(tβ) = δ1 6= 0.
By Theorem 5.1 we have gα ≃ gα+β . However, this is impossible because
dimK(gα) 6= dimK(gα+β) = 1.
iv. P = (13 : 3, 1, 1, 1, 1, 1, 1, 1). Thus I := n⊕ ( ⊕
ξ∈∆
gξ) is an ideal of g, which is
absurd.
v. P = (13 : 3, 2, 2, 1, 1, 1, 1, 1, 1). We have h ⊆
∑
ξ∈∆[gξ, gξ] = [gα, gα]. Thus
dimK(h) ≤ 1. A contradiction.
vi. P = (13 : 3, 1, 3, 1, 1, 1, 1, 1, 1). We have
h ⊆
∑
ξ∈∆
[gξ, gξ] = [gα, gα] ⊆ 〈t2, t3〉
and so dimK(h) ≤ 2. A contradiction.
vii. P = (13 : 3, 1, 2, 2, 1, 1, 1, 1, 1). Thus h ⊆
∑
ξ∈∆[gξ, gξ] = [gα, gα] + [gβ , gβ].
Hence dimK(h) ≤ 2. A contradiction.
5. If dimK(g) = 14. We have the following possibilities for P:
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i. (14 : 3, 0, 5, 1, 1, 1, 1, 1, 1)
ii. (14 : 3, 0, 4, 2, 1, 1, 1, 1, 1)
iii. (14 : 3, 0, 3, 3, 1, 1, 1, 1, 1)
iv. (14 : 3, 0, 3, 2, 2, 1, 1, 1, 1)
v. (14 : 3, 0, 2, 2, 2, 2, 1, 1, 1)
vi. (14 : 3, 1, 2, 2, 2, 1, 1, 1, 1)
vii. (14 : 3, 1, 3, 2, 1, 1, 1, 1, 1)
viii. (14 : 3, 1, 4, 1, 1, 1, 1, 1, 1)
ix. (14 : 3, 2, 2, 2, 1, 1, 1, 1, 1)
x. (14 : 3, 2, 3, 1, 1, 1, 1, 1, 1)
xi. (14 : 3, 3, 2, 1, 1, 1, 1, 1, 1)
xii. (14 : 3, 4, 1, 1, 1, 1, 1, 1, 1)
For the case xii, we have that I := n ⊕ ( ⊕
ξ∈∆
gξ) is an ideal of g, which is
absurd. Now, let eγ be an element of the base of gγ . As e
[2]
γ ∈ g
[2]
γ ⊆ h = t⊕ n,
then there are tγ ∈ t and nγ ∈ n such that e
[2]
γ = tγ + nγ . As tγ ∈ t, there
exist δ1, δ2, δ3 in K, such that tγ = δ1t1 + δ2t2 + δ3t3. On the other hand,
0 = [eγ , e
[2]
γ ] = γ(tγ)eγ + [eγ , nγ ], then ad(nγ)(eγ) = γ(tγ)eγ . As nγ is nilpotent
then ad(nγ) is nilpotent and therefore γ(tγ) = δ3 = 0. So, e
[2]
γ = δ1t1+δ2t2+nγ.
Choosing δ3 6= 0 we have tγ 6= 0 and α(tγ) = δ1 6= 0, then by Theorem 5.1,
gα ≃ gα+γ . This fact shows that the remaining cases are impossible because
dimK(gα) 6= dimK(gα+γ) = 1.
6. If dimK(g) = 15, we have the following cases:
i. (15 : 3, 5, 1, 1, 1, 1, 1, 1, 1)
ii. (15 : 3, 4, 2, 1, 1, 1, 1, 1, 1)
iii. (15 : 3, 3, 2, 2, 1, 1, 1, 1, 1)
iv. (15 : 3, 2, 3, 2, 1, 1, 1, 1, 1)
v. (15 : 3, 2, 2, 2, 2, 1, 1, 1, 1)
vi. (15 : 3, 1, 3, 2, 2, 1, 1, 1, 1)
vii. (15 : 3, 0, 6, 1, 1, 1, 1, 1, 1)
viii. (15 : 3, 0, 5, 2, 1, 1, 1, 1, 1)
ix. (15 : 3, 0, 4, 3, 1, 1, 1, 1, 1)
x. (15 : 3, 0, 3, 3, 2, 1, 1, 1, 1)
xi. (15 : 3, 0, 3, 2, 2, 2, 1, 1, 1)
xii. (15 : 3, 0, 2, 2, 2, 2, 2, 1, 1)
xiii. (15 : 3, 0, 2, 2, 2, 2, 2, 1, 1)
For the case i. we have I := n ⊕ ( ⊕
ξ∈∆
gξ) is an ideal of g. A contradiction.
As in the above cases, let eβ be an element of the basis of gβ . Since e
[2]
β ∈
g
[2]
β ⊆ h = t ⊕ n, there exist tβ ∈ t and nβ ∈ n such that e
[2]
β = tβ + nβ . As
tβ ∈ t, there are δ1, δ2, δ3 in K, such that tβ = δ1t1 + δ2t2 + δ3t3. On the other
hand, 0 = [eβ , e
[2]
β ] = β(tβ)eβ + [eβ, nβ ] and thus ad(nβ)(eβ) = β(tβ)eβ . Since
nβ is nilpotent we have ad(nβ) is nilpotent and therefore β(tβ) = δ2 = 0. So,
e
[2]
β = δ1t1 + δ3t3 + nβ. Choosing δ1 6= 0, we have tβ 6= 0 and α(tβ) = δ1 6= 0.
Thus, by Theorem 5.1, we have gα ≃ α+β . Therefore, the cases from ii. to xii.
are all impossible, because dimK(gα) 6= dimK(gα+β) = 1.
On the other hand, choosing δ1 6= δ3, we have
(α+ γ)(tβ) = (α+ γ)(δ1t1 + δ3t3) = δ1 + δ3 6= 0.
Therefore, by Theorem 5.1, we have gα+γ ≃ gα+β+γ . However
2 = dimK(gα+γ) 6= dimK(gα+β+γ) = 1,
then the case xiii. is not possible.
7. If dimK(g) = 16, we have the following cases:
16 CARLOS R. PAYARES GUEVARA AND JEOVANNY DE J. MUENTES ACEVEDO
i. (16 : 3, 6, 1, 1, 1, 1, 1, 1, 1)
ii. (16 : 3, 5, 2, 1, 1, 1, 1, 1, 1)
iii. (16 : 3, 4, 3, 1, 1, 1, 1, 1, 1)
iv. (16 : 3, 4, 2, 2, 1, 1, 1, 1, 1)
v. (16 : 3, 3, 4, 1, 1, 1, 1, 1, 1)
vi. (16 : 3, 3, 3, 2, 1, 1, 1, 1, 1)
vii. (16 : 3, 3, 2, 2, 2, 1, 1, 1, 1)
viii. (16 : 3, 2, 5, 1, 1, 1, 1, 1, 1)
ix. (16 : 3, 2, 4, 2, 1, 1, 1, 1, 1)
x. (16 : 3, 2, 3, 3, 1, 1, 1, 1, 1)
xi. (16 : 3, 2, 3, 2, 2, 1, 1, 1, 1)
xii. (16 : 3, 2, 2, 2, 2, 2, 1, 1, 1)
xiii. (16 : 3, 1, 6, 1, 1, 1, 1, 1, 1)
xiv. (16 : 3, 1, 5, 2, 1, 1, 1, 1, 1)
xv. (16 : 3, 1, 4, 3, 1, 1, 1, 1, 1)
xvi. (16 : 3, 1, 4, 2, 2, 1, 1, 1, 1)
xvii. (16 : 3, 1, 3, 3, 2, 1, 1, 1, 1)
xviii. (16 : 3, 1, 2, 2, 2, 2, 2, 1, 1)
xix. (16 : 3, 0, 7, 1, 1, 1, 1, 1, 1)
xx. (16 : 3, 0, 6, 2, 1, 1, 1, 1, 1)
xxi. (16 : 3, 0, 5, 2, 2, 1, 1, 1, 1)
xxii. (16 : 3, 0, 4, 3, 2, 1, 1, 1, 1)
xxiii. (16 : 3, 0, 4, 2, 2, 2, 1, 1, 1)
xxiv. (16 : 3, 0, 4, 2, 2, 2, 1, 1, 1)
xxv. (16 : 3, 0, 4, 2, 2, 2, 1, 1, 1)
xxvi. (16 : 3, 0, 3, 3, 2, 2, 1, 1, 1)
xxvii. (16 : 3, 0, 3, 2, 2, 2, 2, 1, 1)
xxviii. (16 : 3, 0, 2, 2, 2, 2, 2, 2, 1)
For the case i., we have I := n⊕( ⊕
ξ∈∆
gξ) is an ideal of g, which is a contradiction. Let
eβ be an element of the basis of gβ . As e
[2]
β ∈ g
[2]
β ⊆ h = t⊕ n, then there are tβ ∈ t
and nβ ∈ n such that e
[2]
β = tβ+nβ . As tβ ∈ t, there exist δ1, δ2, δ3 in K, such that
tβ = δ1t1 + δ2t2 + δ3t3. On the other hand, 0 = [eβ, e
[2]
β ] = β(tβ)eβ + [eβ, nβ ] and
then ad(nβ)(eβ) = β(tβ)eβ. Since nβ is nilpotent, ad(nβ) is nilpotent and therefore
β(tβ) = δ2 = 0. So e
[2]
β = δ1t1 + δ3t3 + nβ . Choosing δ1 6= 0 we have tβ 6= 0 and
α(tβ) = δ1 6= 0. By Theorem 5.1, we have gα ∼= gα+β . Therefore the cases from i.
to xxvii., except xii. and xix., are impossible, because dimK(gα) 6= dimK(gα+β).
On the other hand, choosing δ3 6= 0, we have γ(tβ) = δ3 6= 0. Thus, by Theorem
5.1, we have gγ ≃ gβ+γ , but 2 = dimK(gγ) 6= dimK(gβ+γ) = 1. Hence the cases
xii. and xix. are not possible. In the case xxviii. choosing δ1 6= δ3, we have
(α + γ)(tβ) = δ1 + δ3 6= 0. Therefore, by Theorem 5.1 we have gα+γ ≃ gα+β+γ ,
which is absurd, since 2 = dimK(gα+γ) 6= dimK(gα+β+γ) = 1 and hence this case
is not possible.
It follows from the above facts that:
Proposition 5.3. There are no simple Lie 2-algebras of dimension between 10 and
16, and with toral rank 3.
We finish this work presenting our main result, which follows from Propositions
2.1, 4.3 and 5.3.
Theorem 5.4. There are no simple Lie 2-algebras of dimension less than or equal
to 16, and toral rank 3.
References
[1] BLOCK, Richard E. The classification problem for simple Lie algebras of characteristic p.
Lie Algebras and Related Topics. Springer, Berlin, Heidelberg, 1982. p. 38-56.
[2] BLOCK, Richard E.; WILSON, Robert Lee. The restricted simple Lie algebras are of classical
or Cartan type. Proceedings of the National Academy of Sciences, 1984, vol. 81, no 16, p.
5271-5274.
[3] BLOCK, Richard E.; WILSON, Robert Lee. Classification of the restricted simple Lie alge-
bras. Journal of Algebra, 1988, vol. 114, no 1, p. 115-259.
[4] GRISHKOV, Alexander; PREMET, Alexander. Simple Lie algebras of absolute toral rank 2
in characteristic 2, preprint.
ON SIMPLE LIE 2-ALGEBRA OF TORAL RANK 3. 17
[5] JACOBSON, Nathan. Lie algebras, Interscience, New York, 1962. Google Scholar, 1979, p.
120.
[6] SKRYABIN, Serge. Toral rank one simple Lie algebras of low characteristics. Journal of
Algebra, 1998, vol. 200, no 2, p. 650-700.
[7] PREMET, Alexander; STRADE, Helmut. Simple Lie algebras of small characteristic: I.
Sandwich elements. Journal of Algebra, 1997, vol. 189, no 2, p. 419-480.
[8] PREMET, Alexander; STRADE, Helmut. Simple Lie algebras of small characteristic II. Ex-
ceptional roots. Journal of Algebra, 1999, vol. 216, no 1, p. 190-301.
[9] PREMET, Alexander; STRADE, Helmut. Simple Lie algebras of small characteristic: III.
The toral rank 2 case. Journal of Algebra, 2001, vol. 242, no 1, p. 236-337.
[10] PREMET, Alexander; STRADE, Helmut. Simple Lie algebras of small characteristic IV.:
Solvable and classical roots. Journal of Algebra, 2004, vol. 278, no 2, p. 766-833.
[11] PREMET, Alexander; STRADE, Helmut. Simple Lie algebras of small characteristic V. The
non-Melikian case. Journal of Algebra, 2007, vol. 314, no 2, p. 664-692.
[12] PREMET, Alexander; STRADE, Helmut. Simple Lie algebras of small characteristic VI.
Completion of the classification. Journal of Algebra, 2008, vol. 320, no 9, p. 3559-3604.
[13] PREMET, Alexander; STRADE, Helmut. Classification of finite dimensional simple Lie al-
gebras in prime characteristics. Contemporary Mathematics, 2006, vol. 413, p. 185-214.
[14] STRADE, Helmut; WILSON, Robert Lee. Classification of simple Lie algebras over alge-
braically closed fields of prime characteristic. Bulletin of the American Mathematical Society,
1991, vol. 24, no 2, p. 357-362.
[15] STRADE, Helmut. The absolute toral rank of a Lie algebra. Lie algebras, Madison 1987.
Springer, Berlin, Heidelberg, 1989. p. 1-28.
[16] STRADE, Helmut. The classification of the simple modular Lie algebras: I. Determination
of the two-sections. Annals of Mathematics, 1989, vol. 130, no 3, p. 643-677.
[17] STRADE, Helmut. The classification of the simple modular Lie algebras II. The toral struc-
ture. Journal of Algebra, 1992, vol. 151, no 2, p. 425-475.
[18] STRADE, Helmut. The classification of the simple modular Lie algebras: III. Solution of the
classical case. Annals of Mathematics, 1991, p. 577-604.
[19] STRADE, Helmut. The classification of the simple modular Lie algebras: VI. Solving the final
case. Transactions of the American Mathematical Society, 1998, vol. 350, no 7, p. 2553-2628.
[20] STRADE, Helmut. Lie algebras of small dimension. Contemporary Mathematics, 2007, vol.
442, p. 233.
[21] WILSON, Robert Lee. Classification of the restricted simple Lie algebras with toral Cartan
subalgebras. Journal of Algebra, 1983, vol. 83, no 2, p. 531-570.
Facultad de ciencias Ba´sicas, Universidad Tecnolo´gica de Bolivar, Cartagena de
Indias - Colombia
E-mail address: cpayares@utb.edu.co
Facultad de ciencias Ba´sicas, Universidad Tecnolo´gica de Bolivar, Cartagena de
Indias - Colombia
E-mail address: jmuentes@utb.edu.co
